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Abstract. The representation for the sharp constant K n>p in an estimate 
of the modulus of the n-th derivative of an analytic function in the upper half¬ 
plane C+ is considered. It is assumed that the boundary value of the real part 
of the function on 9C+ belongs to L p . The representation for K„ jP comprises 
an optimization problem by parameter inside of the integral. This problem is 
solved for p = 2 (m +1)/(2m + 1 — n), n < 2m + 1, and for some first derivatives 
of even order in the case p = oo. The formula for K ra 2 (m+i)/( 2 m+i-n) contains, 
for instance, the known expressions for IGm+i.oo and K m ,2 as particular cases. 
Also, a two-sided estimate for K2 m , j0 o is derived, which leads to the asymptotic 
formula K 2m ,oo = 2((2 m — 1)!!) 2 /7t + 0(((2m — 1)!!) 2 /(2m — 1)) as m —> oo. 
The lower and upper bounds of K. 2 m,oo are compared with its value for the cases 
m = 1,2, 3,4. As applications, some real-part theorems with explicit constants 
for high order derivatives of analytic functions in subdomains of complex plane 
are described. 
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0 Introduction 

In this paper we deal substantially with the coefficient K n p (a ) in the inequality 



( 0 . 1 ) 


where z is a point in the half-plane C+ = {z £ C : Qz > 0} . Here / is an 
analytic function in C+ represented by the Schwarz formula 



( 0 . 2 ) 
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and such that the boundary values on SC+ of the real part of / belong to the 
space L p (— oo, oo), 1 < p < oo. 

Here and in what follows we adopt the notation ||Sft/|| p for ||5ft/|ac + ||p, where 
|| • ||p stands for the norm in L p (— 00,00). Note that the value K n>00 (a ) is 
obtained by passage to the limit of K niP (a) as p —> 00. 

Inequality ED with the best possible coefficient in front of ||Sft/|| p was 
obtained by Kresin and Maz’ya In [8] it was shown that 


rt ! 

K n , p (a) = - 
7r 



cos 


(a - (n + 1 )tp 



%os (n+1)9 - 2 



1/9 


(0.3) 


where 1 /p+ l/q = 1. So, the sharp constant K njP in the inequality 


\f in) (z)\ < 


K 

AV n,p 

(Q+) n+ p 


P/IIp 


(0.4) 


is given by 

K n p = ma xK n p (a) . (0.5) 

a 

Note that inequalities ED and (10.41) for analytic functions belong to the 
class of sharp real-part theorems (see Kresin and Maz’ya [5] and references 
there) which go back to Hadamard’s real-part theorem [2j. 

The present article extends the topic of papers by Kresin and Maz’ya [3 la¬ 
in 0 the explicit formulas for K 0 , p for p £ [l,oo) and for Kj p for p £ [l,oo] 
were found. In [5j the case of n > 2 was considered and the explicit formulas 
for K n:P were derived for n = 2m +1,2,4 and p = 00 as well as for arbitrary n 
and p = 1,2. Namely, in [8] it was shown that 


tv _2((2m + l)!!) 

-*^-2771+1,00 oil 5 

7r 2m + 1 

m = 0,1,2,..., 

(0.6) 

TV _ 3v/ 3 TV 

2,OO - n 5 -*^-4,00 — 

Z7T 

J-(l6 + 5x/5) , 

(0.7) 

n\ 

K-77,1 = , K n 2 = 

7r 

/ (2n)! 

V 2 2n + 1 7T 

(0.8) 


In this paper the optimization problem (10.51) is solved in a series of cases 
described below. In these cases we obtain the explicit formulas for the sharp 
constant K n , p . In a complicated case n = 2m, p = 00 we prove a two-sided 
estimate for K 2 m ,oo- In conclusion, some applications of obtained results to 
estimates of high order derivatives of analytic functions in subdomains of C are 
described. 

Now we describe the results of the present paper in more detail. Introduction 
is followed by four sections. The first of them is auxiliary. It concerns the 
integral 

I-tt/2 

Qn,n,' 1 (/3)= | cos - (n + l)ip) |' cos p ipcLp, (0.9) 

J — 7r/2 
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depending on the parameter /?. We consider the problem on maximum of 
Qti,n,-y{P) in P- In what follows, by N we mean the set of the natural num¬ 
bers and by [a] we denote the integer part of the number a. Assuming that 


m, n £ {0} U N, m > n + 1 and 7 > 2 


m 

n+1 


2 , we prove the equality 


I"k /2 

ma xQ 2 m,n, 7 (/3) = <32m,n, 7 (0) = / I COs(n + 1)^ COS 2 " 1 if dip 

P J- tt/2 


and find the last integral. If m < n and 7 > —1, it is shown that the function 
Q 2 m,n, 7 (/ 3 ) is independent of /3 and its value is given. 

Concretizing result of Section 1 for (10.31) with q = 2(to + l)/(n + 1) and 
n < 2 m + 1 , in Section 2 we obtain the explicit formula for K„,, 2 ( m +i)/( 2 m+i-n)- 
In particular, the coefficient A' n 2 (m+i)/ 2 m+i-n( Q ) is independent of a for the 
case to < n and 


K 2(m + l) 


n! f (2m — 1)1! / m + 1 1 l\ 1 2 < m+1 > 

7 r \ (2 to)H \n + l^"2’2/J 


( 0 . 10 ) 


where by B is denoted the Beta-function. We note, that the above-mentioned 
formulas for K 2 m+ i j00 and K n , 2 are particular cases of (10.101) for n = 2to + 1 
and n = to, correspondingly. 

Section 3 is devoted to derivatives of even order in the case p = 00 . First, 
we solve the optimization problem (10.51) with n = 6 , 8 and p = 00 , and find the 
values of the sharp constants 


K 6 


,00 — 


105^ 

47T 


„ 7T 37T 57t\ 

9 cos — + 3 cos — + cos — 

28 28 28 J 


( 0 . 11 ) 


315f / jr 77r\l 

K 8 ,oo = \ 175 + 9V2 f 17 cos — + 9 cos — + 11 cos —j . (0.12) 

Further, using the result of Section 1, we obtain the two-sided estimate 


2 9 2 777 2 9 

— (( 2 m — 1 )!!) < K 2m 00 < 7 T-— -(( 2 m- 1 )!!) , (0.13) 

7T 2 TO — 1 7T 


which leads to the asymptotic formula 


I^2m,oo ((2m 1)!!) +0 

7T X 


((2m- 1)!!) 2 \ 

2m- 1 J 


as to — > 00 . 

Let us denote by 

L 2 m = -((2to-1 )!!) 2 , u 2m = -^— -((2TO-1 )!!) 2 

7r 1 m — 1 7r 


the values of the lower and upper bounds in two-sided estimate (10.131) . corre¬ 
spondingly. We can compare these bounds with the sharp constant in inequality 
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(10.41) for n = 2,4, 6,8 and p= oo. Using (10.71) . (10.111) and (10.121) . we get 

Lq __ Lf 


^2 

a 0.7698 , 

£4 

fa 0.8830 , 

^2,oo 

^4,oo 

t / 2 

-^2,oo 

a 1.5396 , 

U A 

fa 1.2141 , 

-^4,oo 

In concluding Section 4 

we collect 


£- 6 ,oc 

U e 
K, 


0.9204 


1.1045 


6,00 


K 8 ,C 

_u 8 

K> 


0.9396, 


1.0738. 


8,00 


constants in the majorizing part of inequality for the modulus of derivatives of 
analytic functions in subdomains of C. 


1 The main lemma 

First we prove the following auxiliary assertion. 

Lemma 1. Let m,n € {0} UN. If m > n + 1 and 7 > 2 


maxQ 2 m, n , 7 (/3) = Q 2 m,n, 7 ( 0 ) = / | cos(n + l)v?| cos 2m ipdip 


r/2 


n+1 
7 nno 2 m 


— 2, then 


— 7r/2 


(2to — 1)!! / 7+I 1 


(2m)!! 


2 ’ 2y / 2 2 ™+^i( 7 + l) ^ B(%+j + l,%-j + l) 


E 


2m 

m — j{n + 1 ) 


( 1 . 1 ) 


, ( 1 . 2 ) 


where by B is denoted the Beta-function. 

If m < n and 7 > — 1 ,then the function Q 2 m,n, 7 (/ 3 ) is independent of ft, and 
it is given by 


Q2m,n, 7 (/5) — 


(2m - 1)!! /7+I 1 

(2m)!! 2 


(1.3) 


Proof. Making the change of variable ip = ft — (n + 1 )<p in (10.91) with /r = 2m, 
we obtain 


Q2m,n, 7 (/5) — 


1 


•f)+{n+1)\ 

n + 1 y^_( n+1 )| 


/ 17 2m ^ ~ P j , 
cos ip cos - -dip. 


n+1 


Since the integrand is (n + l) 7 r-periodic, it follows that 


Q 2 m,ra, 7 (/^) — 


1 


'*(n+l)7r 


n +1 


cos ip\ 7 cos 2m ——^ dip 


n + 1 


n /-(j+i)*- 


3 =0 ^ 

The change of variable ip — ji r = $ implies 


n +1 


cos^ cos 


7_2m V’ P 


n +1 


dip . 


Q2m,n, 1 (ft) = 7 t [ \ cos id \ 1 g m , n - ft) did , (1.4) 

n + 1 Jo 1 
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where 


(1.5) 


9i 




COS 


1=0 


Since 

rnc^ m nr — _ 

2 2m | V to 
we can write on in the form 

n + 1 / 2?n\ 

- -gaST ( TO ) + ^ 


m—1 


0 + J7T 

n + 1 


=iU 2 r)+ 2 Ef 2 r)- 2 <“-‘)4. 


k—0 


\ k 


1 ^ /2to\ 

n-l 2^ \ k I 2^ 


COS ■ 


2 (?n — fc)(0 + j 7r) 
n + 1 


/c—0 x 7 j—0 

Putting here k = m — l (l = 1,2,..., to) and taking into account that 

1 ( 2 to \ ( 2 to )! ( 2 to )! (2m — 1 )!! 


we obtain 


2 2m \ to y 2 2 m ( m !) 2 (( 2 ? tt ,)!') 2 ( 2 to )!! 


9m, n(^) — 


(2 to — l)!!(n +1) 1 


( 2777 .)!! 2 2 

Consider the interior sum in (11.61) . We have 

21(9 + jn) 


-£( m 2 -i)E 


cos ■ 


1=0 


2 1(9 + jn) 
n + 1 


E 


cos ■ 


1=0 

So, for l e {1,..., to}, 


n + 1 


l=o 


E 

1=0 


21(9 + jn) f 2 M* 1 - e 2i ™ 
cos —--— = 5ft ^ e™+!-^T— 


n + 1 


1 - e n + 1 


= 0, 


if s = ^ N, and 


E 

1=0 


cos + i 7r ) __ _|_ y) cos 2s6 ( , 

71+1 


ifs=4 ? 6N. 

n+1 


( 1 . 6 ) 


(1.7) 


( 1 . 8 ) 


Taking into account (E 3 and 0> , we can rewrite (Oil in the form 


(2to — l)!!(n + 1) ( 71+1 [ ^ J 

9m,n[0) — /o™MI + 2 2m ~ 1 ' -> 


( 2 to )!! 


S=1 


2 TO 

to — s(n + 1) 


cos2s0 . 
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Combining this with (11.41) . we obtain 

(2m — 1V 1 f" 

Q2m,n :1 {/3) = , ■■ " / | COST?) 7 M 

(2m)!! J q 


^ U+lJ 
22m —1 


*>=1 


2m 

m — s(n + 1) 


f | cosi?| 7 cos2s(i? — /3) di? . 

Jo 


Since the integrands in the last equality are 7r-periodic, it follows that 




(2m-1)!! r /2 

( 2 m )!! 7-^/2 


cos 7 i? di? 


2 2 ’ 


— y 

i-i 


S=1 


2m 


.-s{n + l)J J_ 


rir /2 


t/2 


cos 7 t? cos 2s (i? — /3) di? , 


that is 


2i2r?7 — 1V> l’ 71 '/ 2 

Q 2 m.n, 7 (/ 3 ) = , 0 / COS 7 1? dl? 

(2m)!! 7 0 


t Ltl / \ z * 77 / 2 

H—r-:-—■ V ( , , I cos2s/3 / cos 7 i? cos 2si? di? . (1.9) 

22 (m-i) z_/ - s (n + l)y J 0 

Let m > n+1. Taking into account the formula (see, e.g., Gradshtein and 
Ryzhik [ 1 ], 3 . 631 ( 9 )) 


t/2 


cos 17 1 x cos axdx 


7T 

y^y+i+ra+iy ’ 


( 1 . 10 ) 


where 5ft zz > 0, and the condition 7 > 2 
conclude that 


n+1 


— 2 of the present lemma, we 


f-rr /2 


cos 7 i?cos2 si? di? > 0 


for any s £ 




This and flUD imply that the maximum of 


Q2m,n,-y(/3) in /3 is attained at /3 = 0. Hence, by (10.91) we obtain (11.11) . Calcu¬ 
lating bv (11.101) the integrals in (11.91). we arrive at m- 

The sum in (jl.9[> vanishes in the case m < n. Hence, the function Q2m,n,-y(l3 ) 
is independent of /3 under condition m < n, which proves m- □ 


2 Sharp estimates for derivatives of analytic func¬ 
tions with 3?/ £ /i p (R^_), p = 2(m + 1) /(2m + 1 — n) 

In what follows, by h p (Mr(_), 1 < p < oo, we mean the Hardy space of harmonic 
functions in the upper half-plane K.^_ which are represented by the Poisson inte- 
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gral with a density in L p (— 00,00). It is well known (see, e.g. Levin [IT] . Sect. 
19.3) that / belongs to the Hardy space H P (C + ) of analytic functions in C+ 
if (ft/ £ 1 < p < 00. Besides, any function / £ H P (C + ), 1 < p < 00, 

admits the representation ( 10 . 21 ) since 5ft/ £ 

Now we consider the case p = 2(to + 1)/(2to + 1 — n) in inequality (10.41) . 
that is q = 2(to. + l)/(n + 1). We suppose that n < 2to + 1, n > 1. In the case 
n = 2 to + 1 we put p = 00 . 

Theorem 1. Let 5ft/ £ /i p (R^_) with p = 2(?n + l)/(2m+ 1 — n), and let z be an 
arbitrary point in C+. The sharp constant K„, 2 (m+i)/( 2 m+i-n) to the inequality 


\f {n \z)\ < 


r^-n, 2(m+l)/(2m+l-n) 



\m\\ P 


( 2 . 1 ) 


is given by 


n\ f r' 2 , , , 1 

K 2 (m+i) =—< / |cos(n + l)<p| " +1 cos 2 rn <pdp> (2.2) 

n,2 '"+i-" tt J 

n! j" (2 to — 1)!! /to + 1 1 1 \ 

7 \ (2m)!! Vn+1 + 2’ 2/ 

(2.3) 


r(n + 1 ) 


Ln + lJ 


2 TO 

to — j{n + 1 ) 


2 2 m -i+^±h( 2r 


' + 3) j= 1 


B 


^T+j + 1 , 


m +1 

n+1 


-i + i 


n + l 
2 ( m+ 1 ) 


In particular, 


K 


n, 


2(m + l) 
2m + l-n 


n! f (2m — 1)!! /m + 1 1 1\ 1 2(m+1) 

7 r \ (2m)!! \ n + 1 "^2 2/ J 


(2.4) 


/or to < n. 

Proof. Putting q = 2(to. + l)/(n + 1) in (10.3I) - (10.5I) and 7 = 2(to + l)/(n + 1), 
p = 2 to in (10.91) . we can write the sharp constant K ra)P in inequality ED as 
follows 


K 


n, 


2(m + l) 

2m + l — n 


n! 

— max 

7T a 



2(m + l) 

n + 1 





■+i 

^TTT 


n! 

7T 


max | Q 

/3 1 


2 m,n, 


2(m + l) 
n + 1 


(/3)}^. 


(2.5) 


For 7 = 2(m + l)/(n + 1) we have 



to + 1 

n + 1 


+ 1 > 


TO. 

n + 1 


+ 1 
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that is, the condition 


7 > 2 


71+1 


- 2 


of Lemma [T] is satisfied. Applying Lemma [T] to (12.51) . we complete the proof. □ 

Two following consequences of Theorem [T] contain explicit formulas for K niP 
in particular cases. 

Corollary 1. If n = 2 m, m GN, then 


K 


2m,2m+2 — 


(2m)! f v^( 2m ~ 1 ) !! r (i^TT + I 
77 l W!!r(|±i + i) 


Corollary 2. If m = k(n + 1) — 1, ieN, then 

n\ j v^(2 k(n + 1) - 3)!! T(fc + |) 


K 2k = 

n ’2k~l n 


\ (2k(n+l)-2)m 


2m + l 
2(m+l) 


( 2 . 6 ) 


22fc(n+2) 


/c-1 

3sE 

1=1 


2k(n + 1) - 2 
(fc-j)(n+l)-l 


2k 

k - j 


3 Estimates for even order derivatives of ana¬ 
lytic functions with Sft/ £ h°°(M^ 2 + ) 

By m, 


I^2m^oc{ol) 


(2m)! 

7T 



(2?77. + 1)+)| COS 2 " 1 1 ipd(f. 


(3.1) 


The starting point of this section is the following assertion from the paper 
by Kresin and Maz’ya [8j. 

Lemma 2. The equality 


dl<■ 


2 m : oo 


(2m)! 


t/2 


da 


7t( 2m + l) 2 2 2 ( m_1 ), 


(| cos(a-y;)|-| cos{a + ip)\)A m (ip)dip (3.2) 


holds with 


m / \ 

A m (+) = E(-D'(2^-l) { ™Ii) 

8 


sin 


sin 


(2i-iV 

2m+ I 
(2£ — 1)tt 
2(2m+l) 


(3.3) 


















Remark 1 . Before passing to applications of Lemma [2] we make two re¬ 
marks. The first one concerns the range of (3 in the evaluation of the maximum 

rna x<3^„ )7 (/3), 


where the function Q^ n , 7 (/3) is defined by (10.91) . It is clear, that Q^n,j(f3) is 
7r-periodic and even function in (3. Therefore, we can limit our consideration of 
Q^,n,j{P) to the interval [0,7r/2]. 

The second remark relates the sign of the function | cos(/3 — <p )\—| cos(/3 + <^)|, 
which appear inside of integral (13.21) . We show that 



cos(/3 — ip)\ > | cos(/3 -ft p ')| 

(3.4) 

for /3, ip £ [0,tt/2]. 

In fact, since 



( cos(/3 — p) — cos((3 -ft p) 

for ip £ [ 0, § - 0\ , 

cos(/3 — y>)| —| cos 

</3 + ¥>)| = < 



( cos(/3 - <p)-ftcos(/3 + p) 

for ip £ (f -0,f] , 

it follows that 




( 2sin</?sin/3 for ip £ [ 0, | — /3] , 

| cos(/3 - ip)\- 1 cos(/3 + <p)\ = < 

[_ 2cos(^cos f3 for p £ (| — f3, j\ , 


and hence (13.41) holds for /3, tp £ [0,7r/2]. Besides, the equality sign in (13.41) holds 
only for j3 = 0 or for j3 = 7r/2 provided that <p £ (0,7r/2). 

In the next two assertions we deal with the values of constants K6,oo and 

^8,oo* 

Corollary 3. Let 3?/ £ /i°°(R^), and let z be an arbitrary point in C+. The 
sharp constant K^oo in the inequality 


|/ (6) WI < P/ll 


is given by 


K-6 ?00 


105^ 

47T 


„ 7T 37T 57t\ 

9 cos — + 3 cos — + cos — . 

28 28 28 J 


Proof. By Lemma [2l 


dl\ 6,oo 
da 



p)\ - | cos(a + <^)|)A 3 (vj) dp , 


where 


AsO) 


5 


(-2 

V si " ft 


+ 3- 


sm 


3 tp 


sm 


3 tt 

14 


sin F f\ 

sing J 


(3.5) 


(3.6) 


(3.7) 

(3.8) 
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Using the identities sin 3a; = 3 sin a; — 4 sin 3 x, sin 5a; = 5 sin a; — 20 sin 3 x + 
16sin 5 x in (13.81) . we find 


, , , sin sin % / 

A 3 (y) = 80 , £ . I - ( 

smff smff V 


_ 7T . 2 

sin — — sin — 
14 7 


) F z {p) , 


(3.9) 


where 


Fs(v) = (8 sin 2 ^ -7) sin 2 ^ + (3 - 4sin 2 sin 2 y . 
Since 3 — 4sin 2 (7r/14) > 3 — 4sin 2 (7r/6) > 0, we have 


F 3 (p) < 


14 


7) S i„=^ + (: 


-) 

14/ 


sm 


14 


a 2 /l -2 

= — 4 cos —- sm 


7 r 

14' 


7T 

14’ 


which together with (|3.9|) proves the inequality A 3 (<p) < 0 for cp G (0,7r/2). 
Now, by m and m we conclude that 


da 


< 0 


for a £ (0,7 t/2 ). Thus, by (13.11) . 


6! r /2 6! f r /u 

K 6 oo = 7v6,oo( 0) = — / cos 7 p cos 5 p dtp = 2 — < / cos7pcos p dp 

77 a —7r/2 71 (yo 


r 371-/14 

/*57t/14 

r /2 r 1 

/ cos 7p cos 5 p dip+ 

/ cos 7p cos 5 p dp — 

/ cos 7p cos 5 v? dv? > 

J 7r/14 

1 37r/14 

/57t/14 J 


Evaluating the integrals on the right-hand side of the last equality, we arrive at 

(EH). □ 


Corollary 4. Let -ft/ £ and let z be an arbitrary point in C+. The 

sharp constant K8,oo in the inequality 


l/ (8) MI < ^ ||R/||c 


is given by 


K-S.oo — 


315 

Sir 


Proof. By Lemma [2] 

dKz „ 70 r /2 . 


where 


<P 


. , . . sm £ 3 ip sin ^ sin ^ 

Mr) = 7 -5—4r + 18 sm — - 5—^ + —^7 
sm Yg 9 sm sm 


(3.10) 


1175 + 9V2 ^17cos ^ + 9 cos ^ +11 cos ly | ■ ( 3 - n ) 


= (l cos («- <f)\~ |cos(a + ^)|)A 4 (v3) dp , (3.12) 


(3.13) 
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Using the identities sin 3a; = 3 sin a; — 4 sin 3 x, sin 5x = 5 sin a; — 20 sin 3 a; + 
16 sin 5 x and sin 7x = 7 sin x — 56 sin 3 x + 112 sin 5 x — 64 sin 7 x in (13.81) . we find 


, , sm ytt sin □ / o 

A4 ? = 896 , 5 78 , 7 9 (sin 2 
sm 2? sin 45 V 


18 


— sm 


l2 f)uw, 


(3.14) 


where 

Fi(ip) = f 155 - 604sin 2 + 768sin 4 - 320sin 6 ^-] sin 4 

V 18 18 18/ 18 

+ (—90 + 396 sin 2 - 560 sin 4 -b 256 sin 6 —") sin 2 — sin 2 — 

V 18 18 18/ 18 9 

+ (l5 - 80 sin 2 — + 128 sin 4 — - 64 sin 6 —) sin 4 - . 

V 18 18 18/ 9 

It follows 

F^{p) > (l55 — 604sin 2 + 768 sin 4 — 320 sin 6 \ sin 4 

V 18 18 18/ 18 

-10 (9 + 56sin 4 —) sin 4 — - 16 (5 + 4sin 4 —) sin 6 — 

V 18/ 18 V 18/ 18 

= (65 - 684sin 2 + 208sin 4 - 384sin 6 ^-) sin 4 . 

V 18 18 18/ 18 

Using this inequality and sin(7r/12) = (-y/S — y/2 )/4, we obtain 
FAp) > (65 — 684 sin 2 - 384 sin 6 —") sin 4 — 

^' V 18 18/ 18 

> (65 - 684 sin 2 — - 384 sin 6 —) sin 4 — = ( 26 IV3 - 433") sin 4 — > 0 . 

V 12 12/ 18 V / 18 

The last estimate together with (13.141) proves the inequality A 4 (p) > 0 for 

p G (0,7t/ 2). Now, by (13.121) and (13.41) we conclude that 


(IK; 


8,00 


da 


> 0 


for a G (0, 7t/ 2). Thus, by (13.11) . 


8! /' 7r / 2 8! f Z ’ 71 '/ 9 

K§ 00 — oo(7r/2) = — / I sin9(^1 cos 7 p dip = 2—< / sin9</>cos 7 ty3 dip 

v J- tt /2 * [Jo 

r - 2 n /9 /»77/3 

— / sin 9 p cos 7 p dp + sin 9 p cos 7 p dp 

J 7r/9 J 27t/9 


n 4 :TC / 9 


r n/2 


— / sin 9p cos' <p dp + / sin9^9 cos' p dp > . 

*/7t/3 «/47t/9 J 

After evaluating the integrals on the right-hand side of the last equality, we 
arrive at (13.111) . □ 
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Now we apply Lemma [T] in the proof of the following assertion. 


Theorem 2. The following two-side inequality 

O n O777 9 n 

-((2m - l)!!) 2 < K 2m oo < --- -((2m - l)!!) 2 (3.15) 

7r 2m — 1 7r 


holds. 


Proof. By (13. 111 . 

(2 m )l r*/ 2 

K 2 m,oo(ct) < - - / | cos (a — (2m + l)<p) | cos 2 ^” 1-11 ip dtp . 

77 J—w/2 

From this and equality m with m — 1 instead of m and n = 2m, 7 = 1, we 
obtain 


K 


2 m,00 


(a) < 


2(2m)! (2m - 3)!! 
it (2m — 2)!! 


2 2m (2m-l)!(2m-1)!! 
7r 2m — 1 (2m- — 2)!! 


(3.16) 


which together with (10.51) proves the upper estimate in (13.151) . 

Now we turn to the inverse estimate of K 2m>00 in (13.151) . It follows from 
(10.51) and (13.11) . 


( 2 m )! /' 7r / 2 

K 2m ,oo > K 2 m,oo(cx) > - - 1 / cos (a - (2m + 1)</?) cos 2m ip dip . 

77 J-7 r/2 


Using the last estimate and m with n = 2m and 7 = 1, we find that 


K 


2 m,00 


> 2 


(2m)! (2m—1)!! 
7r (2m)!! 


which is equivalent to the lower estimate in (13.151) . 


□ 


In final section we describe some real-part estimates which take the explicit 
form by combination with formulas for K n>p from (10.6I) - (10.8I) . Theorem[0 Corol¬ 
laries HH and the estimate of Theorem [2j 


4 Explicit estimates for derivatives of analytic 
functions in domains 

The next two assertions were proved in paper by Kresin and Maz’ya |10j . 

Proposition 1. Let Ll = C \G, where G is a convex domain in C, and let f be 
a holomorphic function in Ll with bounded real part. Then for any point z € Q 
the inequality 

|/ ( " } (^)| < ^%r^sup|5R/| , n = 1 , 2 ,..., 

«2 o 
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holds with d z = dist (z,i9LI), where 

n \ W2 

K„ oo = — max / cos (/? — (n + l)v?) cos”^ 1 p dp 

’ 7T f> J- tt/2 

is the best constant in the inequality 

\f (n Hz)\ < \m\\oo 

for holomorphic functions f in the half-plane C+ with the bounded real part. 

Proposition 2. Let LI be a domain in C, and let 91(12) be the set of holomorphic 
functions f in LI with sup^ |Sft/| < 1. Assume that a point / £ dLl can be touched 
by an interior disk D. Then 

limsup sup \z - C\ n \f (n) {z)\ < K nj00 , n=l,2,..., 

/e<K(n) 


where z is a point of the radius of D directed from the center to f. Here the 
constant K„ l0 o is the same as in Proposition [T] and cannot be diminished. 

By (10.61) and (I3.15L the constant K„ >00 in Propositions [T| and [2] obeys the 
relations 


K 


2 m—1,00 


2 ((2m — l)!!) 2 
7 r 2m — 1 


K 


2 m, oo 


< 


2m 2 
2m — 1 7r 


((2m — 


1 )!!) 


2 


for any m £ N. The values of the constants K2 j(x > , K4,oo > K6 i00 and K^oo in 
these statements are given by (10.71) . (13.61) and (13.111) . correspondingly. 

Now we turn to a real-part estimate for derivatives of analytic functions in 
the disk D = {z £ C : \z\ < 1}. By /i p (B), 1 < p < oo, we mean the Hardy 
space of harmonic functions in the real unit disk D which are represented by the 
Poisson integral with a density in L p (d B). Below by || • || p we denote the norm 
in the space L p (d ID). 

The inequality, obtained by Khavinson jj] 


\az)\< 4 m\\ 

7r(l — r z ) 


contains the best possible coefficient in front of || 5 i/||oo, where r =\z\ < 1. 
The next estimate for derivatives of analytic functions with 5ft/ £ h p { D) 


\f in) (z)\ < Cn * \\m P (4-D 

(l_ r 2 

was proved in the paper by Kalaj and Elkies [3j. The representation of the 
constant 2' < n+ ^C n , p in [3] is equivalent to the representation not with (EH 
for the sharp constant K„ iP in inequality m - The case n = 1 in (ED was 
considered by Kalaj and Markovic [Jj. 

The assertion below was established in paper by Kresin [2]. 
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Proposition 3. Let f be an analytic function in ID with 5ft/ £ h. p (ID). The 
inequality 

sup sup (1-H 2 ) n+ ^ \f {n \z)\ >2 n+ k n , p 
W<i II®/IIp<i 

holds, where K n p is the sharp constant in inequality (EH). 

Proposition [3] together with (14.11) leads to relation 

sup sup (l-|z| 2 ) n+ * |/<">(*)| = 2"+?K n , p , 

N<i I|5 R/IIp<i 


which shows that the constant C nj) = 2 n+ pK„ iP in estimate (EH) cannot be 
diminished. 

The explicit expression for C 2 m -i,oo was established by Kalaj and Elkies [3]. 
The formulas for C 2 m,oo = 2 2m K 2mi0 o with m = 1,2,3,4 can be obtained by 
JoIZlh El and (13.111) . Other examples of the explicit formulas for the constant 
C rup in (14.11) can be derived by relation C nj) = 2" + pK„ !P and Theorem [T] as 
well as Corollaries [TJ [2] 

The next two-sided inequality 


22m+l 


((2m — 1)!!) 2 < C 2rritC 


< 


2 TO 2 2m+1 


2 m — 1 7r 


((2m-l)!!) S 


follows from equality C- 2 m,oo = 2 2rn K 2m ,oo and estimate (13.151) . This implies 

o2m+l 

c 2m , oo-((2 m - l )!!) 2 

7T 

asm-)' oo. 
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